1 − 2 + 4 − 8 + 16 − 32 + etc. §2 There is a great disagreement about divergent series of this kind between the mathematicians, while some negate, others do not, that they can be comprehended in one sum. And at first it is certainly clear, that the sums of those series, I referred to the first class, are indeed infinite, because by actually collecting the terms one gets to a sum greater than any number: Hence there is no doubt, that sums of series of this kind can be exhibited by expressions like a 0 . So the great controversy between Geometers is mainly about the remaining three species; and the argument, which are urged by both sides to defend their postion, are so much convincing, that neither party could be forced to agree with the other. §3 From the second species Leibniz at first considered this series 1 − 1 + 1 − 1 + 1 − 1 + 1 − 1 + etc., the sum of which he stated to be = 1 2 , while basing it on these fairly solid arguments: Hence at first this series arises, if this fraction 1 1+a by an iterated division in usual manner is resolved into this series 1 − a + a 2 − a 3 + a 4 − a 5 + etc.
and the the value of the letter a is taken equal to the unity. Then indeed, to further confirm this and to persuade those, who are not used to such calculations, he gave the following argument: If this series is terminated at some point, and the number of terms was even, then its value will be = 0, but if the number of terms is odd, its value will be = 1: Therefore, if this series proceds to infinity, and the number of terms can neither be seen to be even nor odd, he concluded, that the sum can neither be = 0 nor = 1, but has a certain mean value, being equally different from both, which is = 1 2 . §4 To these arguments the adversaries used to object, that at first the fraction 1 1+a is only equal to the infinite series 1 − a + a 2 − a 3 + a 4 − a 5 + a 6 − etc., if a is a fraction smaller than the unity. Hence if the division is abrupted anywhere and the correspondig portion from the remainder is added to the quotient, it will lead to wrong results; hence it is 1 1 + a = 1 − a + a 2 − a 3 + a 4 − · · · ± a n ∓ a n+1 1 + a , and if the number n is put to be infinite, it is nevertheless not possible, to omit the added fraction ∓ a n+1
1+a , if it does not really vanish, what is only true in the cases, where a < 1, and then the series converges. But in the remaining cases one has to have regard for this mantissa ∓ a n+1 1+a , and although it is affected by the ambiguous sign ∓, depending on whether n is either even or odd, it can therefore, if n is infinite, not be neglected, because an infinite number is neither even nor odd, and so one has no reason, what sign is to be preferred. Since it is absurd to believe, that there is no wohle number, not even an infinite one, which is neither even or odd. §5 But to this objection the ones, that assign certain sums to divergent series, justifiably answer, that an infinite number is treated as a certain number, and is therefore either even or odd, although it is not determined. When a series is said, to go on to infinity, this contradicts the idea, if a certain term of the series is treated as the last or infinitesimal one: And therefore the objection raised before and concering the mantissa, that has to be added, or subtracted, vanishes by itself. Because in an infinite series one never gets to an end, one therefore never reaches such a place, where it would be necessary to add that mantissa; and hence this mantissa can not only be neglected but also has to, because it is never left space. And these arguments, that are urged either for or against the divergent series, also concern the fourth species, which usually creates no other doubts than the ones mentioned. §6 But those, who argue against the sums of divergent series, have the opinion, that the third species provides them with the best arguments. Hence although the terms of these series increase continuously, one can therefore, by actually collecting the terms, get to a sum greater than any assignable number, that is, by definition, infinity, the defenders of sums in this species are nevertheless forced to admit series of such a kind, whose sums are finite, and even negative or smaller than nothing. Because the fraction 1 1−a , expan-ded into a series, yields:
the following equations would have to hold:
what seems, quite understandably, very suspect to adversaries, because by the addition of only affirmative terms one can never get a negative sum. And hence the more they stress the before mentioned mantissa, that has to be added, because, after having added it, it is perspicuous, that it will be
even though n is an infinite number. §7 Therefore the defenders of sums of divergent series, to explain this great paradox, rather subtle, than true, state a difference between negative quantities, while on the one hand smaller than nothing, they argue, on the other hand they are graeter than infinity or more than infinite numbers. On the one hand they have to accept the value of −1, whenever it is imagined, that it arises from the subtraction of the greater number a + 1 from the smaller a, but on the other hand, whenever it is found to be equal to the series 1 + 2 + 4 + 8 + 16+etc. and emerges from the division of the number +1 by the number −1; in that case the number is of course smaller than nothing, but in this one greater than infinity. For the sake of further confirmation they give this example of the series of fractions
that, because in the first terms it is seen to grow, it is also to be seen to grow continuously, whence they conclude, that it will be 2 > ∞; and in this way they quite ingeniously repel the apparent absurdity. §8 Although this distinction seems to be an ingenious idea, it is nevertheless hardly satisfactory for the adversaries and hence seems to violate the certitude of analysis. Hence if the two values of one −1, if it is either = 1 − 2 or − 1 −1 , are indeed different from each other, that they cannot be confounded, the certitude and the application of the rules, that we follow in calculus, are abolished completely, what would certainly be more absurd than that, this distinction was actually made for; but if it is 1 − 2 = 1 −1 , as the precepts of algebra postulate, the task is in no way completed, because the quantity −1 itself, that is stated to be equal to the series 1 + 2 + 4 + 8+etc., is nevertheless smaller and the same difficulty remains. But it nevertheless seems to be true, if we say, that the same quantities, that are smaller than nothing, can at the same moment be seen as greater than infinity. Hence not only from algebra but also from geometry we know, that there is a jump from positive to negative numbers, the one at zero or nothing, the other at infinity, and therefore the quantities form zero, as by increasing as decreasing, will return to themselves and will finally reach the same term = 0 again, so that the quantities greater than infinity are also smaller than nothing and the quantities smaller than infinity also correspond to the quanities greater than nothing. §9 But the same, who negate that these sums of divergent series, which are usually assigned to them, are correct and justified, do not only not proffer other suggestions, but also state, that they totally believe, that the sum of a divergent series is imaginary. The sum of convergent series as this one
can only be admitted to be = 2, because, the more terms of this series we actually add, the closer we get to two; but for divergent series the matter behaves totally different; hence the more terms we add, the more the sums, that arise, differ from each other and they to not get closer to a certain determined value. From this they conclude, that not even the idea of a sum can be transferred to divergent series and the work, that was consumed by investigating the sums of divergent series, of those is completely useless and contrary to the true principles of analysis. §10 But although this difference seems to be real, none of the two parties can be convicted of an error by the other, as often as the use of series of this kind occurs in analyis; it has to be of a great ponderosity, that no party made any mistakes, but the whole dissent lies only in the words and formulations. Hence if in a calculation I get to this series 1 − 1 + 1 − 1 + 1 − 1 + etc. and substitute 1 2 for it, certainly no one will ascribe an error to me, that nevertheless would occur to everybody, if I had put another value in the place of the series; hence there can remain no doubt, that the series 1 − 1 + 1 − 1 + 1 − 1 + etc. and the fraction 1 2 are equivalent quantities. So the whole question seems to trace back to the one, whether we correctly call the fraction 1 2 the sum of the series 1 − 1 + 1 − 1 + etc.; because those persistently deny this, although they do not dare to deny the equivalence, it is to be feared, that they slip into wrong logic. §11 But I believe, that the whole dispute can easily be settled, if we pay close attention to the following. As often as in analysis we get to an either rational or transcendental experession, we usually converted it into an appropriate series, to which the following calculation is more conveniently applied. Hence if infinite series occur in analysis, they arose from the expansion of a certain finite expression, and therefore in a calculation it is always possible, to substitute the formula, from whose expansion the series arose, for the series. Hence as with the greatest gain the rules, to convert finite expressions, but of a less suitable form, into infinte series, were given, vice versa the rules, by which, if any infinte series was given, the finite expression can be found, from which it resulted, have to be considered of the greatest use; and because this expression can always without an error be put in place of the infinite series, it is necessary, that the value of both is the same; hence it is caused, that there is no series, that cannot at the same moment be considered to be equivalent to the finite expression. §12 Hence if we just change the usual notion of a sum in such a way, that we say, that the sum of a certain series is the finite expression, from whose expansion that series itself arises, all difficulties, which were mentioned by both parties, will disappear by itself. Hence at first the expression, from which a convergent series arises, at the same moment exhibits its sum, in the usual sense, and if not, if the series was divergent, the question cannot be seen as absurd any longer, if we find the finite expression, that, expanded according to the analytical rules, produces the series itself. And because it is possible to substitute this expression for its series in a calculation, we will not be able to doubt, that they will even be equal to each other. Having explained this we do not even recede from the usual notion, if we call the expression, that it is equal to a certain sum, its sum too, as long as we do not combine the notion with the idea of a sum for divergent series, that, the more terms are actually collected, the closer one has to get to the value of the sum. §13 Having said all this in advance, I believe that there will be nobody, who thinks, that I have to be reprehended, because I inquire into the sum of the following series more diligently 1 − 1 + 2 − 6 + 24 − 120 + 720 − 5040 + 40320 − etc., which is the, called this way by Wallis, hypergeometric series, just with alternating signs. This series seems noteworthy all the more, because I have tried several summation methods, that were quite heplful for other tasks of this kind, without success here. At first it is certainly possible to doubt, whether this series has a finite sum or not, because it diverges even more than any divergent series; but that the sum of the geometric series is finite, was clarified. But because for the geometric series the divergence is not an obstacle, that they are summable, it seems probable, that also this hypergeometric series has a finite sum. So one in numbers, at least approximately, looks for the value of that finite expression, from whose expansion the given series itself arises. §14 At first I used the method, based on this foundation: If a series of this kind is given
and, after having neglected the signs of the terms a, b, c, d, e, f etc., one takes the differences
and further their differences
which are called the second differences, and in the same way searches the third, fourth, fifth differences etc., then, if the first terms of these first, second, third, fourth differences etc. are α, β, γ, δ etc., I say, the sum of the same given series will be
which series, if it is not already convergent, will nevertheless be a lot more convergent than the given one; hence, if the same method is then again applied to this last series, the value of the desired sum expressed by s will be found by means of an even more convergent series. §15 This method has the greatest use for summing divergent series of the second and the fourth species, whether one finally reaches constant differences or not, as long as the divergence is not too strong: If it is
as it is known from elsewhere. Hence it is clear, that the sum of this series is nearly = 0, 580; but because of the neglected terms it will be a little bit greater, what agrees very well with the things, that are to be demonstrated below, where the sum of this series will be shown to be = 0, 59634736; at the same moment it is indeed clear, that this method is apt enough, to find the sum that exact. §17 Next I tried it this way: Let this series be given 1 2 3 4 5 6 7 . . . n n + 1 B) 1, 2, 5, 16, 65, 326, 1957, . . . P, nP + 1 the differences are 1, 3, 11, 49, 261, 1631 2, 8, 38, 212, 1370 6, 30, 174, 1158 24, 144, 984 120, 840 720 because the first terms of its continued differences are 1, 2, 6, 24, 120, 720 etc., the term corresponding to the exponent n will be
Since, if n = 0, the term corresponding to the exponent 0 or preceding the first will be 1 − 1 + 2 − 6 + 24 − 120 − etc. = A, so that, if the term corresponding to the exponent 0 of this series could be found, the same simultaneously would be the value or the sum of the given series the term corresponding to the exponent 0 of this series will be = 1 A , whence the value of A can be perceived from it. Let the single differences of this series begin with the terms α, β, γ, δ, ε etc., of course by taking the difference in such a way, that any term is subtracted from the preceding; the term corresponding to the exponent n will be
und hence for n = 0 it will be by means of a surely converging series
It is indeed, by converting these fractions into decimals, From this differences it will therefore be 1 A = 1, 6517401 and A = 0, 6, which argees to with the value found before to a high enough degree of accuracy; but because of the fourth, fifth and some of the following differences this method is nevertheless not certain enough. §18 Let us take the logarithms of the single terms of the series B, that one has this new series 1 2 3 4 5 6 7 8 D) log 1, log 2, log 5, log 16, log 65, log 326, log 1957, log 13700 etc. in whose continued differences taken the usual way the first terms shall be α, β, γ, δ, ε etc., and the term corresponding to the exponent 0 of this series will be 0 − α + β − γ + δ − ε + etc., which will therefore will be the logarithm of the desired sum = A. The logarithms with the continued differences are indeed the following: In the case x = 1 it will be 1 − 1 + 2 − 6 + 24 − 120 + etc. = e e −1:x x dx.
Hence this series expresses the area of the curved line, whose nature between the abscissa x and y is contained in this equation
if the abscissa x is put = 1, or it will be y = e e 1:x · x .
But this curve is conditioned in such a way, that for x = 0 y becomes = 0; but if x = 1, y = 1; but the intermediate values of the ordinate will indeed behave like this, that if it was it will then also be if it was it will then also be Hence having constructed this curve, it will instantaneously become clear, that its area corresponding to the abscissa x = 1 is not only finite, but also smaller than the area of the unit square, namely = 1, but greater than its half = 1 2 . Hence if the base x = 1 is divided up into ten equal parts and the portions of the area are considered as trapeziods and those areas are investigated, one will obtain this value very close to the true one of the series 1 − 1 + 2 − 6 + 24 − 120 + etc. = A which value differs from the true one already in a hardly noticeable way. But if the abscissa would have divided up into more parts, then this value would have been found more precisely. §20 Because the sum was found as
let us set v = e 1−1:x , so that for x = 0 it also is v = 0 and for x = 1 it is v = 1; it will be 1 − 1 x = log v and x = 1 1−log v and log x = − log (1 − log v), whence it becomes
after having set x = 1 and v = 1 it will also be
having put v = 1 after the integration. But it will be by integrating by a series term by term
and for v = 1 because of log v = 0, as we assumed, it will be
Hence A will again be the area of the curve, whose nature between the abscissa v and the ordinate y is expressed by this equation
if the abscissa v is set = 1, of course, in which case also y = 1. But it has to be noted, that log v denotes the hyperbolic logarithm of v. Hence having divided the abscissa v = 1 up into ten parts again, and the ordinates in the single points of the division will behave in this way:
if v is y will be if v is y will be v = 0 10 , y = 0; v = 5 10 , y = 1 (1 + log 10 − log 5) ; v = 1 10 , y = 1 (1 + log 10 − log 1) ; v = 6 10 , y = 1 (1 + log 10 − log 6) ; v = 2 10 , y = 1 (1 + log 10 − log 2) ; v = 7 10 , y = 1 (1 + log 10 − log 7) ; v = 3 10 , y = 1 (1 + log 10 − log 3) ; v = 8 10 , y = 1 (1 + log 10 − log 8) ; v = 4 10 , y = 1 (1 + log 10 − log 4) ; v = 9 10 , y = 1 (1 + log 10 − log 9) ;
And therefore by approximation of the area one will again obtain the value of the letter A to a high enough degree of accuracy. §21 But there is another method, derived from the nature of continued fractions, to inquire into the sum of this series, which completes the task a lot easier and faster; hence let, by the expressing the formula more generally, be
it will be
It will be
And therefore it will become clear, that it will analogously be
so that the structure of these formulas is easily perceived. Having substituted these values one after another it will be
But how the value of continued fractions of this kind are to be investigated, I showed elsewhere. Because the integer parts of the single denominators are unities of course, only the numerators are important for the calculation; hence let x = 1 and the investigation of the sum A will be performed as follows: that the values of the quantities r, s, t will proced in an arithmetical progression and it will be r + t = 2s; hence the value of r will be calculated to a high enough degree of accuracy. But to extend this investigation even further, let us take for the number 21, 22, 23 
.
Hence if c = 0, it will be dz + bx n−1 zdx = ax m−1 dx and e bx n :n z = a e bx n :n x m−1 dx und z = ae −bx n :n e bx n :n x m−1 dx and by a series
But in this form our one we are treating is not contained. §27 But I further found, if one has this equation
that the value of z is expressed by a continued fraction of this kind The same value of the quantity z will further be expressed by the following infinite series. , which expression fully agrees with that, we obtained earlier in §26, and because there could be some doubt about the method, by which we found it, whether the numerators proceed according to the observed law to infinity or not, this doubt is now completely removed. Hence this consideration provided us with a method to sum innumerable divergent series or to find values equivalent to the same; among those that one, we treated, is a special case. §29 But further the case, in which p = 1 and q = 2 and m = 1, seems be worthy to be noted; hence it will be z = e 
